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a b s t r a c t
In this work the spectral expansions of the distributions connected with Schrödinger’s
operator are investigated. The localization principle of Riesz means Esλf (x) of spectral
expansions of distributions f from the Sobolev spaceW−ℓ2 (RN ), ℓ > 0, is proved for when
s ≥ (N − 1)/2+ ℓ.
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1. Introduction
One of the most interesting problems of the spectral theory of linear operators is that of whether or not the
eigenfunction expansion is convergent. On the other hand, this problem has a lot of practical applications. In gas
dynamics, in hydrodynamics, in elasticity theory and in other areas of mechanics, an important role is played by the
theory of discontinuous solutions of the Schrödinger equation. The localization of spectral decompositions and their Riesz
means—a dependence of the convergence of spectral decompositions or their Rieszmeans on the behavior of the function in
a small neighborhood of the given point—is a very important subject for investigations in the spectral theory of differential
operators.
Studies of the spectral expansions of distributions in the spaces with negative smoothness were carried out first in the
work of Alimov (see [1]). He obtained the precise conditions for localization of the spectral expansions of distributions in
Hilbert spaces, related to the Laplace operator. This work of Alimov gave impetus to conducting in-depth research into the
spectral expansions of distributions, related to differential operators, in the development of new methods of investigation
of the spectral expansions of distributions and in obtaining the final conditions for decomposability in different functional
spaces with negative smoothness.
Spectral decompositions of distributions associatedwith elliptic differential operators of order 2mwere considered in the
works [2,3]. It is proved that the localization principle holds for the Rieszmeans of the spectral expansions of the distribution
from the Sobolev spaceW−ℓp (Ω), Ω ⊂ RN , under the following conditions: 1 < p ≤ 2, ℓ > 0, s > N−1p + ℓ.
In the present work we consider spectral expansions connected with the Schrödinger operator in the whole space, and
extend the localization properties of the spectral expansions related to distributions.
2. Preliminaries
We define the space C l(RN) as a set of functions in RN all of whose derivatives of order at most l ∈ Z+ are continuous. The
symbol C∞(RN) denotes the space of all infinitely differentiable functions on RN . The subset of C∞(RN) which contains the
functions from C∞(RN)with compact support on RN plays an important role and is denoted by C∞0 (RN).
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The dual spaces (i.e., the spaces of continuous linear functionals on the sets of test functions) that we introduced are
denoted by
(C∞0 (R
N))′ = D′(RN)
and
(C∞(RN))′ = ε′(RN).
The dual spaces are nested as follows:
ε′(RN) ⊂ D′(RN).
Elements of the space D′(RN) are called distributions. Elements of the space ε′(RN) are distributions with compact
support [4].
Let us denote by S1, S2, . . . , Sl smooth manifolds in RN , each of them projected one-to-one on some hyperplane, where
dim(Sk) ≤ N − 3. Let q(x) ∈ C∞(RN \ ∪Sk) be a function with a singularity of the form ∂ |α|q(x)∂xα11 ∂xα22 · · · ∂xαNN
 ≤ Cρ(x)1+α ,
where α = (α1, α2, . . . , αN) is a multi-index vector with integer non-negative coordinates and |α| = Nj=1 αj and
ρ(x) = dist(x,∪Sk).
For any function u ∈ C∞0 (RN)we define
Hu(x) = −1u(x)+ q(x)u(x).
Much of the impetus for the study of Schrödinger operators comes from quantum theory. In this context a function u(x)
with ∥u∥L2 = 1 is called a wave packet or state, and represents the instantaneous configuration of a collection of electrons,
atoms and molecules.
The operator H is also called the Hamiltonian for historical reasons—quantum theory can be regarded as a non-
commutative version of classical Hamiltonian mechanics.
From the Kato–Rellich theorem (see [5], page 185) it follows that operatorH is essentially self-adjoint and semibounded.
A lower bound of the Schrödinger operator is denoted by µ. The self-adjoint extension Hˆ in L2(RN) of the Schrödinger
operator coincides with its closure. Let {Eλ} be the spectral decomposition of unity corresponding to Hˆ . It is well known that
the operators Eλ are integral operators whose kernels Θ(x, y, λ) belong to C∞(RN) with respect to both variables x and y
and for any λ. The spectral decomposition of an arbitrary function g ∈ L2(RN) can be defined by
Eλg(x) =

RN
g(y)Θ(x, y, λ)dy.
SinceΘ(x, y, λ) ∈ C∞(RN × RN), it follows that for any f ∈ ε′(RN)we can define the spectral decomposition of f by the
formula
Eλf (x) = ⟨f ,Θ(x, y, λ)⟩,
where the functional f acts on Θ(x, y, λ) with respect to the second argument. Also the Riesz means of the spectral
decomposition of f can be defined as follows:
Esλf (x) = ⟨f ,Θ s(x, y, λ)⟩, s ≥ 0
where
Θ s(x, y, λ) =
 λ
µ

λ− t
λ− µ
s
dtΘ(x, y, t).
Note that for any f ∈ ε′(RN), its spectral expansions Esλf (x) belong to the space C∞(RN) for all λ > 0.
For ℓ > 0 we define a class of functionsW ℓ2 (R
N), which is called Sobolev’s function space:
f ∈ W ℓ2 (RN)⇐⇒f (ξ)(1+ |ξ |2)ℓ/2 ∈ L2(RN),
wheref (ξ) is the Fourier transformation of f .
Next we define the dual space as follows:
(W ℓ2 (R
N))′ = W−ℓ2 (RN).
A. Rakhimov et al. / Applied Mathematics Letters 25 (2012) 921–924 923
3. Results and discussion
The main result is:
Theorem 3.1. Let f ∈ ε′(RN) ∩W−ℓ2 (RN). If the numbers s and ℓ are related by ℓ > 0, s ≥ 0, s ≥ (N − 1)/2+ ℓ, then for the
Riesz means of order s one has
lim
λ→∞ E
s
λf (x) = 0
uniformly with respect to x ∈ K for any compact subset K ⊂ RN \ supp(f ).
The important consequence of the theorem is the following.
Corollary 3.2. Let the distribution f from ε′(RN) ∩W−ℓ2 (RN), ℓ > 0, coincide with a continuous function g(x) in a domain D. If
s ≥ (N − 1)/2+ ℓ, then one has
lim
λ→∞ E
s
λf (x) = g(x)
uniformly on each compact set K ⊂ D.
Let us mention here that the sufficient conditions for uniform convergence and localization of spectral decompositions of
functions from the Liouville class in terms of the eigenfunctions of the Schrödinger operator are investigated in [6]. Spectral
expansions of the Schrödinger operators in the different functional spaces are studied in [7,8,2].
We have divided the proof into a sequence of lemmas. The following are the key lemmas in the proof of themain theorem.
Lemma 3.3. Let Ω be an arbitrary bounded domain in RN and s ≥ 0. Then for any function g ∈ L2(RN)with supp(g) ⊂ Ω and
any compact set K ⊂ RN \Ω , we have
|Esλg(x)| ≤ c(K)∥g∥L2λ
N−1
4 − s2 ,
uniformly for all x ∈ K .
Proof. The proof is straightforward. Fix a point x ∈ RN \ Ω and let r > 0, such that {y : |x − y| < r} ⊂ RN \ Ω . Note that
the number r > 0 can be fixed for all points x ∈ K such that for any y ∈ {y : |x − y| < r} we have g(y) = 0. Then from
Corollary 3 of the work [6] we obtain
|Esλg(x)| ≤ cλ
N
4 (1+ r√λ)− 12−s∥g∥L2 .
Lemma 3.3 is proved. 
Lemma 3.4. Let Ω be an arbitrary bounded domain in RN and s ≥ 0. Then for any compact set K ⊂ RN \Ω we have
∥Θ s(x, y, λ)∥L2(Ω) ≤ c(K)λ
N−1
4 − s2
uniformly for all x ∈ K.
Let us denote by H the self-adjoint extension of the Schrödinger operator. From von Neumann’s spectral theorem for
self-adjoint operators in Hilbert spaces it follows that for arbitrary numbers τ ≥ 0 the power of the operator H can be
defined by
Hτ f (x) =  ∞
0
tτdEt f (x).
Similarly the kernel Θ sτ (x, y, λ) of the latter is defined by Θ
s
τ (x, y, λ) = LˆτΘ s(x, y, λ), which by using the previous
formula can be represented as
Θ sτ (x, y, λ) =
 λ
0
tτdtΘ s(x, y, t).
Applying the formula for integration by parts we have
Θ sτ (x, y, λ) = λτΘ s(x, y, λ)− τ
 λ
0
tτ−1Θ s(x, y, t)dt.
We are now in position to formulate the following.
Lemma 3.5. Let Ω be an arbitrary bounded domain in RN and s ≥ 0, τ > 0. Then for any compact set K ⊂ RN \Ω , uniformly
for x ∈ K ,
∥Θ sτ (x, y, λ)∥L2(Ω) ≤ c(K)λ
N−1
4 − s2+τ .
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4. Proof of the main results
Let f ∈ ε′(RN) ∩ W−ℓ(RN) and ℓ > 0. Since any distribution from ε′(RN) is compactly supported in RN , it follows that
there exists a bounded domainΩ ⊂ RN such that the inequality
|⟨f , u⟩| ≤ ∥f ∥−ℓ ∥u∥Wℓ2 (Ω)
is valid for all u(x) ∈ C∞(Ω), and ∥ · ∥−ℓ means the norm in the space W−ℓ. Domain Ω can be chosen by applying the
condition supp f ⊂ Ω . Then taking u(y) = Θ s(x, y, λ), from the last inequality we will obtain
|Esλf (x)| ≤ ∥f ∥−ℓ ∥Θ s(x, y, λ)∥Wℓ2 (Ω).
Then taking τ = ℓ2 , from Lemma 3.4 one can obtain the inequality
|Esλf (x)| ≤ c(K)
√
λ
N−1
2 +ℓ−s∥f ∥−ℓ.
From this inequality, the statement of Theorem 3.1 follows immediately. Theorem 3.1 is proved.
Corollary 3.2 follows from Theorem 3.1 and the fact that for a continuous function with compact support, uniform
convergence of the Reisz means of spectral expansions is valid as soon as s > N−12 .
Note that in [3], for Fourier integrals with spherical partial sums (corresponding to the case q(x) = 0), the sharpness of
the condition s ≥ (N − l)/2+ ℓwas proved. Thus the conditions of Theorem 3.1 are sharp.
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